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Abstract
We consider the generalized Milne problem in non-
conservative plane-parallel optically thick atmosphere
consisting of two components - the free electrons
and small dust particles. Recall, that the tradi-
tional Milne problem describes the propagation of
radiation through the conservative (without absorp-
tion) optically thick atmosphere when the source of
thermal radiation located far below the surface. In
such case, the flux of propagating light is the same
at every distance in an atmosphere. In the gener-
alized Milne problem, the flux changes inside the
atmosphere. The solutions of the both Milne prob-
lems give the angular distribution and polarization
degree of emerging radiation. The considered prob-
lem depends on two dimensionless parameters W
and (a+b), which depend on three parameters: η -
the ratio of optical depth due to free electrons to op-
tical depth due to small dust grains; the absorption
factor ε of dust grains and two coefficients - b1 and
b2, describing the averaged anisotropic dust grains.
These coefficients obey the relation b1 + 3b2 = 1.
The goal of the paper is to study the dependence
of the radiation angular distribution and degree of
polarization of emerging light on these parameters.
Here we consider only continuum radiation.
Key words: Radiative transfer, scattering, po-
larization
1 Introduction
One of important problems in radiative transfer the-
ory is the Milne problem. This problem is related
with the solution of the transfer equation when the
sources of non-polarized radiation are located far
from the boundary of optically thick atmosphere.
The most known example is the usual Milne prob-
lem for free electron non-absorbed atmosphere. This
problem was solved by Chandrasekhar (1960). His
results for the angular distribution J(µ) = I(µ)/I(0)
and polarization degree p(µ) of the emerging radi-
ation are used in many applications. Recall, that
µ = cosϑ, where ϑ is the angle between line of sight
n and the outer normal N to the plane-parallel op-
tically thick atmosphere. The angular distribution
J(µ) increases with the increase of µ up to value
J(1) = 3.06. The polarization degree is p(1) = 0
and inreases up to 11.71% at µ = 0.
The small dust grains with the spherical form
and the molecules with isotropic polarizability β
scatter the radiation by the same law as the elec-
trons. If the absorption factor of the dust sub-
stance ε increases, the angular distribution and po-
larization degree also increase. For example, in
the case ε = 0.1 one takes place J(1) = 4.39 and
p(0) = 20.35% (see Silant’ev 1980).
The dust grains and molecules are character-
ized by the anisotropic polarizability tensor βij(ω),
where ω is the cyclic frequency of light. These scat-
tering particles due to chaotic thermal motions are
freely oriented in an atmosphere.
The radiative transfer equation for this case firstly
was derived by Chandrasekhar (1960). This equa-
tion depends on two parameters - b1 , describing
the Rayleigh scattering, and the additional term b2,
which describes the effect of anisotropy of scatter-
ing particles. This term (depolarization factor) de-
scribes the additional isotropic non-polarized part
of scattered radiation. The depolarizing effect of
anisotropy of particles mostly reveals by consider-
ation of axially symmetric problems. One of such
problems is the Milne problem.
In axially symmetric problems the radiation is
described by two intensities - Il(τ, µ) and Ir(τ, µ).
Here τ is the optical depth below the surface of
semi-infinite plane-parallel atmosphere. The inten-
sity Il describes the light linearly polarized in the
plane (nN), and Ir is the light intensity with po-
larization perpendicular to this plane. The total
intensity I = Il + Ir, and the Stokes parameter
Q = Il − Ir. The Stokes parameter U ≡ 0. The
degree of linear polarization is characterized by p =
Q/I. Note that case Q < 0 corresponds to the wave
electric field oscillations perpendicular to the plane
(nN). This case holds in the Milne problem. Fre-
quently one uses the radiative transfer equation for
parameters I(τ, µ) and Q(τ, µ) .
The factorization of the matrix phase function
Pˆ (µ, µ′), i.e. the presentation this matrix as a prod-
uct of two matrices Pˆ (µ, µ′) = Aˆ(µ)AˆT (µ′), plays
very important role in radiative transfer theory. Fac-
torization is not unique (see Hulst 1980). Factoriza-
1
tion used in the papers Lenoble (1970), Abhyankar
& Fymat (1971) and Schnatz & Siewert (1971) de-
scribes the matrix phase function for the Rayleigh
scattering. In Frisch (2017) the new factorizations
for linear combination of Rayleigh and isotropic scat-
terings are given. Note that in this private commu-
nication the factorizations are given both for (I,Q)
and (Il, Ir) cases. Below we consider only the (I,Q)
case.
2 Radiative transfer equation
First let us recall the radiative transfer equation for
the (column) vector with the components (I,Q) in
an atmosphere consisting of averaged small anisotropic
particles and free electrons. The equation for I(τ, µ)
and Q(τ, µ) can be readily transformed from the
equation for the column (Il(τ, µ) , Ir(τ, µ)) pre-
sented in Chandrasekhar 1960; Dolginov et al. 1995;
Silant’ev et al. 2015 :
µ
d
dτ
(
I(τ, µ)
Q(τ, µ)
)
=
(
I(τ, µ)
Q(τ, µ)
)
−1
2
(a+b)
∫ 1
−1
dµ′×
(
1 + C(1− 3µ2)(1− 3µ′2) , 3C(1− 3µ2)(1 − µ′2)
3C(1− µ2)(1 − 3µ′2) , 9C(1− µ2)(1 − µ′2)
)
×
(
I(τ, µ)
Q(τ, µ)
)
− s(τ)
(
1
0
)
, (1)
where dτ = κdz determines the dimensionless opti-
cal depth. Extinction factor κ = Ng(σ
(s)
g + σ
(a)
g ) +
NeσT . σ
(s)
g and σ
(a)
g are the cross-sections of scat-
tering and absorption by dust grains, σ
(t)
g is cross-
section of total extinction, σT is the Thomson cross-
section. Ng and Ne are the number densities of
grains and free electrons, respectively. The degree
of light absorption ε = σ
(a)
g /σ
(t)
g , µ = nN is cosine
of the angle between the directions of light propa-
gation n and the outer normal N to plane-parallel
semi-infinite atmosphere. The parameter C=W/8.
The parameters a , b, η and W are:
a =
η + (1− ε)b1
1 + η
,
b =
3(1− ε)b2
1 + η
, (2)
η =
NeσT
Ngσ
(t)
g
, (3)
W =
a
a+ b
=
η + (1− ε)b1
η + (1 − ε) ,
a+ b =
η + (1− ε)
1 + η
. (4)
The parameters b1 and b2 obey the relation (8).
This relation was used in expressions (4) for W and
(a+ b). So, Eq.(1) depends on two parameters - W
and (a+ b).
The value s(τ) is the source of non-polarized
radiation. Usual source of radiation is the thermal
radiation:
s(τ) = Bω(T (τ)), (5)
where Bω(T ) is the Planck function with the tem-
perature, depending on the optical depth τ . This
dependence appears in various models of atmospheres.
For reader’s convenience, we shortly explaine
the physical sense of parameters b1 and b2. The
scattering cross-section of small particles (dust grains,
molecules) is (Dolginov et al. 1995):
σs =
8pi
3
k4(b1 + 3b2), (6)
where ω = 2piν is cyclic frequency of light, k = ω/c,
c is the speed of light. The values b1 and b2 are
related to polarizability tensor βij(ω) of a parti-
cle as a whole. Induced dipole moment of a par-
ticle, as a whole, is equal to pi(ω) = βij(ω)Ej(ω).
Anisotropic particle with axial symmetry is charac-
terized by two polarizabilities - along the symmetry
axis β‖(ω), and in transverse direction β⊥(ω). For
such particles:
b1 =
1
9
|2β⊥ + β‖|2 +
1
45
|β‖ − β⊥|2,
b2 =
1
15
|β‖ − β⊥|2. (7)
In transfer equation we use the dimensionless pa-
rameters
b1 =
b1
b1 + 3b2
, b2 =
b2
b1 + 3b2
,
b1 + 3b2 = 1. (8)
For needle like particles (|β‖| ≫ |β⊥|) parameters
b1 = 0.4, b2 = 0.2, and for plate like particles (|β⊥| ≫
|β‖|) we have b1 = 0.7, b2 = 0.1. Parameter b2 de-
scribes the depolarization of radiation, scattered by
freely oriented anisotropic particles. So, the needle
like particles depolarize radiation greater than the
plate like ones.
The absorption of light is described by imag-
inary part of the polarizability of freely oriented
grain: σ
(a)
grain = 4pi k Im〈β(ω)〉 (see Fro¨lich 1958,
Dolginov et al. 1995). The estimate of polarizabil-
ity β may be taken from the formula β = a3(m2 −
1)/(m2 + 2) , where a is radius of the dust grain
and m is refraction index of the dust subject (m =
m′ + im′′). If m is large, the polarizability β ≃
a3. For the graphite grains Greenberg (1968) gives
m′ = 2.45 and m′′ ≃ 1.45 ( for wavelength λ ≃ 0.5
mk.)
The matrix phase function in Eq.(1) can be writ-
ten as the product Aˆ(µ)AˆT (µ′) (Frisch 2017). The
2
matrix Aˆ(µ) is equal to:
Aˆ(µ) =
√
(a+ b)
(
1,
√
C(1− 3µ2)
0, 3
√
C(1− µ2)
)
. (9)
The superscript T stands for the matrix transpose.
We emphasize that the new factorization (9) de-
scribes the linear combination of Rayleigh and isotropic
light scattering.
It is useful introduce the vector K(τ):
K(τ) =
1
2
∫ 1
−1
dµAˆT (µ)I(τ, µ). (10)
Using this notion, Eq.(1) can be written in the form:
µ
dI(τ, µ)
dτ
= I(τ, µ)− Aˆ(µ)K(τ) − s(τ)
(
1
0
)
,
(11)
where the matrix Aˆ(µ) is given in Eq.(9).
It is easy verify that Eq.(1) gives rise to the con-
servation law of radiative flux. Taking ε = 0 and
s(τ) = 0, we obtain:
dF (τ)
dτ
= 0, F (τ) =
∫ 1
−1
dµµ I(µ, τ). (12)
2.1 The solution by resolvent tech-
nique
The general theory to calculate the vector K(τ) is
presented in Silant’ev et al. (2015). Recall, that ac-
cording to this theory the vectorK(τ) obeys the in-
tegral equation, which has solution through the re-
solvent matrix Rˆ(τ, τ ′). This matrix can be known
if we know the matrices Rˆ(τ, 0) and Rˆ(0, τ). The
kernel Lˆ(|τ − τ ′|) of equation for Rˆ(τ, τ ′) is sym-
metric: Lˆ = LˆT . This gives rise to the rela-
tion Rˆ(τ, τ ′) = RˆT (τ ′, τ). The Laplace transform
of R(τ, 0) over parameter 1/µ is known as H(µ)-
matrix. This matrix obeys the following nonlinear
equation:
Hˆ(µ) = Eˆ + µ
∫ 1
0
dµ′
Hˆ(µ)HˆT (µ′)Ψˆ(µ′)
µ+ µ′
. (13)
The martrix Ψˆ(µ) is related with Aˆ(µ):
Ψˆ(µ) =
1
2
AˆT (µ)Aˆ(µ). (14)
The linear equation for matrix Hˆ(µ) is the fol-
lowing: (
Eˆ − 2
∫ 1
0
dµ
Ψˆ(µ)
1− k2µ2
)
Hˆ
(
1
k
)
=
(
Eˆ −
∫ 1
0
dµ
Ψˆ(µ)Hˆ(µ)
1− kµ
)
, (15)
where k is an arbitrary number.
3 Formulas for the Milne prob-
lem
The specific feature of the Milne problem is that we
are to solve integral equation for K(τ) without the
free term (see Sobolev 1969). The vector I(0, µ),
describing the emerging radiation, has the form:
I(0, µ) = Aˆ(µ)
∫ ∞
0
dτ
µ
exp
(
− τ
µ
)
K(τ) ≡
1
µ
Aˆ(µ)K˜
(
1
µ
)
, (16)
i.e. this expression is proportional to the Laplace
transform of K(τ) over variable τ . The homoge-
neous equation for K(τ) without the source term
has the form:
K(τ)|hom =
∫ ∞
0
dτ ′Lˆ(|τ − τ ′|)K(τ ′)|hom, (17)
where the kernel Lˆ(|τ − τ ′|) is the following:
Lˆ(|τ − τ ′|) =
∫ 1
0
dµ
µ
exp
(
−|τ − τ
′|
µ
)
Ψˆ(µ). (18)
Further we follow to simple approach by Sobolev
(1969), generalizing his method for the vector case.
For simplicity we omit the subscript |hom. Accord-
ing to Eqs.(17) and (18), we derive the value K(0):
K(0) =
∫ ∞
0
dτLˆ(τ)K(τ ′) ≡
∫ 1
0
dµ
µ
Ψˆ(µ)K˜
(
1
µ
)
. (19)
Let us get the equation for derivative dK(τ)/dτ ,
taking into account that the kernel Lˆ(|τ − τ ′|) de-
pends on the difference τ − τ ′:
dK(τ)
dτ
= Lˆ(τ)K(0)+
∫ ∞
0
dτ ′Lˆ(|τ − τ ′|) K(τ
′)
dτ ′
. (20)
The general solution of Eq.(20) consists of the sum
of two terms - the nonzero solution of homogeneous
Eq.(17) with some constant k , i.e. kK(τ) , and the
solution of non-homogeneous equation (20). The
latter is proportional to K(0) with some factor.
This factor obeys the equation for Rˆ(τ, 0), i.e. the
general solution of Eq.(20) has the form:
dK(τ)
dτ
= kK(τ) + Rˆ(τ, 0)K(0). (21)
Now let us derive the Laplace transform of this
equation. The Laplace transform of the left part
of this equation is equal to:∫ ∞
0
dτ exp
(
− τ
µ
)
dK(τ)
dτ
=
3
−K(0) + 1
µ
K˜
(
1
µ
)
. (22)
The Laplace transform of the right part of Eq.(21)
has the form:
kK˜
(
1
µ
)
+
˜ˆ
R
(
1
µ
, 0
)
K(0). (23)
The equality of Eq.(22) with Eq.(23) gives rise to
the relation:
1
µ
K˜
(
1
µ
)
=
Hˆ(µ)K(0)
1− kµ . (24)
Here we used the relation
˜ˆ
R(1/µ, 0) = (Hˆ(µ) − Eˆ)
( see Silant’ev et al.(2015)). Eˆ is unit matrix. Sub-
stituting this formula into Eq.(16), we obtain the
expression for I(0, µ):
I(0, µ) =
A(µ)Hˆ(µ)K(0)
1− kµ ≡
Dˆ(µ)K(0)
1− kµ . (25)
Here we introduced the new matrix:
Dˆ(µ) = Aˆ(µ)Hˆ(µ). (26)
Using Eq.(13), we obtain the following equation for
matrix Dˆ(µ):
Dˆ(µ) ≡
(
h(µ), g(µ)
e(µ), f(µ)
)
= Aˆ(µ)+
µ
2
∫ 1
0
dµ′
µ+ µ′
Dˆ(µ)DˆT (µ′)Aˆ(µ′). (27)
The kernel in Eq.(27) does not depend on µ4, i.e.
this equation is simpler than Eq. (13).
The value I(0, µ) is proportional to K(0). Ac-
cording to Eq.(19) the value K(0) related with ex-
pression (24). As a result, we obtain the homoge-
neous equation for K(0):(
Eˆ −
∫ 1
0
dµ
Ψˆ(µ)Hˆ(µ)
1− kµ
)
K(0) = 0, (28)
or in new matrix Dˆ(µ)(
Eˆ − 1
2
∫ 1
0
dµ
AˆT (µ)Dˆ(µ)
1− kµ
)
K(0) = 0. (29)
This homogeneous equation allows us to obtain
only the ratio K1(0)/K2(0). So, the expression
I(0, µ) contains an arbitrary Const. This Const
can be expressed through the observed flux of out-
goung radiation. Note that the angular distribu-
tion J(µ) = I(0, µ)/I(0, 0) and the degree of po-
larization p(µ) = Q(0, µ)/(I(0, µ) are independent
of Const. The negative p(µ) denotes that the wave
electric field oscillations are perpendicular to the
plane (nN).
The necessary condition to obtain K(0) is the
zero of the determinant of expression (28), which is
the right part of Eq.(15). Thus, from Eq.(15) we
obtain the separate equation for the characteristic
number k:∣∣∣∣∣
(
Eˆ − 2
∫ 1
0
dµ
Ψˆ(µ)
1− k2µ2
)∣∣∣∣∣ = 0. (30)
This equation is not related with the calculation of
the matrix Hˆ(µ). It is easy verify that the solution
of Eq.(30) for ε = 0 gives k = 0.
For ε << 1 we obtain the approximation for-
mula:
kappr =
√
3ε
1 + η
. (31)
The values kappr are given in Tables 1 and 2. It is of
interest that Eq.(31) is independent of parameters
b1 and b2, which characterize the form of grains.
Let us shortly discuss the calculation of angular
distribution J(µ) and degree of polarization p(µ).
For the cases ε 6= 0, we have used the direct it-
erations of matrix equation (27). But for ε = 0
this technique gives the relative error ∼ 5%. This
is well-known problem beginning from the Chan-
drasekhar’s works. It is related with very slow con-
vergence of iterations at ε = 0.
To solve this problem Chandrasekhar presented
the equation for H-function in the form of con-
tinuous fraction. In the case of matrix equation
Silant’ev (2007) used the same method but for one
component of the matrix, hoping that the fast con-
vergence of this equation results in fast convergence
of other components.
The equation (27) for ε = 0 (a + b = 1) gives
the following equation for h(µ):
h(µ) = 1 +
1
2
µ
∫ 1
0
dµ′
µ+ µ′
[h(µ)h(µ′) + g(µ)g(µ′)].
(32)
The zero’s moments h0 and g0 (recall, that they are
simple µ-integrals) are equal to h0 = 2 and g0 = 0.
Using the equality µ/(µ + µ′) = 1 − µ′/(µ + µ′)
and the values h0 and g0, we derive the following
equation for h(µ):
h(µ) =
2− g(µ) ∫ 10 dµ′µ′µ+µ′ g(µ′)∫ 1
0
dµ′µ′
µ+µ′ h(µ
′)
. (33)
Iteration of this equation is fast convergented con-
tinuous fraction. Other equations for g(µ), e(µ) and
f(µ) are iterated without modifications. For every
iteration we use the semi-sum of two precedingly it-
erated functions. Results in Table 3, corresponding
to ε = 0, were obtained in such a manner.
For pure absorbing dust grains (σ
(s)
grain = 0, ε =
1) the parameters W = 1 , a + b = η/(1 + η). In
this case the term, describing the light scattering by
dust grains, disappears. The parameter η/(1 + η)
in the electron scattering term has the sense of (1−
εeff ) with the effective absorption εeff = 1/(1+η).
4
So, the pure absorbing dust grains play the role of
effective absorption in the electron scattering. Note
that εeff → 0, if the parameter η →∞.
The intensities I(µ) and Q(µ) depend on two
parameters - (a + b) and W = a/(a + b), which
depend on η, ε and b1. The different relations be-
tween them give rise to various forms of angular
distribution J(µ) and degree of polarization p(µ).
In particular, for the spherical dust grains (b1 = 1,
b2 = 0 , i.e. W = η/(η+1−ε)) there exists the inter-
esting feature. If the parameters η and ε obey the
relation ε1/(1 + η1) = ε2/(1 + η2), then the inten-
sities I(µ; ε1, η1) = I(µ; ε2, η2) and Q(µ; ε1, η1) =
Q(µ; ε2, η2).
4 Results of calculations
The characteristic number k increases with the in-
creasing of the absorption degree ε. We see from
Eq.(25) (see the term (1− kµ) in the denominator)
that the increase of k gives rise to greater sharp-
ness of the angular distribution of emerging radi-
ation J(µ) ≫ J(µ = 0) ≡ 1. So, the presence of
large absorption results in the peak like emerging
intensity along the normal N.
The polarization of emerging radiation at µ ∼
1 is small. This holds due to symmetry of the
problem. Recall, that the scattering of the light
beam perpendicular to incident direction gives rise
to 100% polarized radiation. This is why for µ ∼ 0
the small part of the emerging radiation has large
degree of polarization.
It should be mentioned that for sources of type
s(τ) = Const and s(τ) ∼ exp(−hτ) the peak like
intensity does not hold (see Silant’ev 1980). For
these sources the increase of absorption ε decreases
the sharpness of angular dependence J(µ). As a re-
sult, the polarization of emerging radiation is small
compared with the generalized Milne problem.
In Table 1 we present the dependence of char-
acteristic number k on the degree of absorption ε,
when the free electrons are absent (η = 0). It is seen
that the value k practically does not depend on the
form of freely oriented dust particles. The approxi-
mation value (31) also confirms this. Nevertheless,
the small inequalities ksphere < kplate < kneedle
exist. More profound inequality occurs for needle
like particles. The relative difference (≃ 1%) cor-
responds to absorption factor ε ≃ 0.5. For large
absorption factor (ε → 1) the k - difference be-
tween all grain forms disappears. Our Table shows
that the increase of parameter b2 is accompanied by
small increasing of parameter k.
In Table 2 we demonstrate how the presence of
the second component, i.e. the free non-absorbing
electrons, affects the value of characteristic num-
ber. Physically clear that for η > 1 the mean ef-
fective absorption diminishes, i.e. the value k also
diminishes. Tables 1, 2 and Fig.1 demonstrate this
feature for all range of parameter η . The large val-
ues η corresponds to small k (see Fig.1). Recall,
that Fig.1 corresponds to b1 = 1. Clearly, the small
characteristic number does not give very sharp an-
gular dependence of the radiation intensity J(µ).
The case η → ∞ corresponds to the free electron
atmosphere.
The value J(µ = 1) = 3.06 for k = 0 and
spherical polarizability (b1 = 1) for non - absorb-
ing particles is Chandrasekhar’s (1960) case. This
case gives the polarization p(µ = 0) = 11.71%. In
Table 3 we present also the Milne problem solu-
tions for needle like particles (b1 = 0.4) and plate
like ones (b1 = 0.7) . The needle like particles give
J(µ = 1) = 2.96 and corresponding maximum po-
larization p(µ = 0) = 3.80% . For plate like grains
we have J(µ = 1) = 3.00 and p(µ = 0) = 7.26%.
For ε = 0.1 and η = 0 the corresponding results
are given in Table 4. It is seen that the nonzero
absorption increases the polarization values for all
forms of dust grains. The case η 6= 0 diminishes the
polarization degree, as it is seen from Table 5.
We see that the presence of absorption (ε = 0.1)
considerably increases the polarization values p(µ =
0) = 20.35%, 5.48%, 11.18%, for b1 = 1, 04, 0.7, re-
spectively. The angular dependence also increase,
J(µ = 1) = 4.39, 4.02, 4.15, respectively. For ε =
0.1 and η = 1 (see Fig. 5) the results are: p(µ =
0) = 16.07%,
8.45%, 12.35% and J(µ = 1) = 3.66, 3.46, 3.58,
respectively.
It is seen that anisotropy of particles consider-
ably changes the polarization of emerging radiation.
The angular distribution J(µ) for all cases is near
for b1 = 1 case. Note that the polarization from
needle like particles is smaller than that from plate
like ones.
The limit case of ε = 1 (pure absorbing dust
grains) for η = 1, 5 and 10 is presented in Table 6.
Note that for η → ∞ the angular distribution and
degree of polarization tend to values in Table 3 (two
first columns).
Figs. 2-5 present the values of angular distribu-
tion of radiation J(µ) and polarization degrees p(µ)
in % for parameters η = 0, 1, 5, 10, ε = 0.05, 0.1, 0.2, 0.3
and b1 = 1, 0.4, 0.7. It is seen that cases η = 5 and
10 are close to free electron scattering.
Finally, we give short description of results in
Figs. 2-5. First, the cases of spherical grains (b1 = 1
presented by the continuous curves) have the greater
J(µ) and p(µ) than those for the anisotropic grains
(b = 0.7, 0.4, the chain-dotted line and short-dotted
lines, respectively). The increase of the parame-
ter η diminishes the polarization curves for b1 = 1
case. In contrast, polarization curves for b1 = 0.4
increase with the increasing of η. In the limit of
great η all curves tends to the electron scattering
case with effective absorption εeff = 1/(1 + η).
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Figure 1: Dependence of characteristic number k on degree of absorption ε at b1 = 1. The numbers
denote the value of parameter η.
Figure 2: The angular distribution J(µ) and polarization degree p(µ) in % for different forms of dust
grains (b1 = 1, 0.7, 0.4 , describing by continuous, chain-dotted and short-dotted lines, respectively ) and
the values η = 0, 1, 5, 10. The thicknesses of curves diminish corresponding to values η = 0, 1, 5, 10 .The
degree of absorption ε = 0.05.
5 Conclusion
We consider the generalized Milne problem in two
components non-conservative atmosphere - free elec-
trons and small absorbing anisotropic grains. The
radiative transfer equation in such atmosphere de-
pends on two parameters W and (a+ b), which de-
pend on three physical parameters. Parameter η is
the ratio of the Thomson optical length to that due
to small grains. The value b1 characterizes radia-
6
Figure 3: The angular distribution J(µ) and polarization degree p(µ) in % for different forms of dust
grains (b1 = 1, 0.7, 0.4, describing by continuous, chain-dotted and short-dotted lines, respectively ) and
the values η = 0, 1, 5, 10. The thicknesses of curves diminish corresponding to values η = 0, 1, 5, 10. The
degree of absorption ε = 0.1.
Figure 4: The angular distribution J(µ) and polarization degree p(µ) in % for different forms of dust
grains (b1 = 1, 0.7, 0.4, describing by continuous, chain-dotted and short-dotted lines, respectively ) and
the values η = 0, 1, 5, 10. The thicknesses of curves diminish corresponding to values η = 0, 1, 5, 10. The
degree of absorption ε = 0.2.
tion scattered in accordance with Rayleigh phase
matrix and the parameter b2 (depolarization pa-
rameter) describes the isotropic scattering. These
values obey the relation b1+3b2 = 1. The third pa-
rameter ε = σ
(a)
grain/σ
(t)
grain is the degree of radiation
absorption by dust grains. We use the matrix re-
7
Figure 5: The angular distribution J(µ) and polarization degree p(µ) in % for different forms of dust
grains (b1 = 1, 0.70.4 , describing by continuous, chain-dotted and short-dotted lines, respectively ) and
the values η = 0, 1, 5, 10. The thicknesses of curves diminish corresponding to values η = 0, 1, 5, 10. The
degree of absorption ε = 0.3.
Table 1: The characteristic number k for η = 0 and
b1 = 1, 0.4, 0.7 corresponding to spherical, needle
like and plate like particles, respectively
ε b1 = 1 b1 = 0.4 b1 = 0.7 kappr
0 0 0 0 0
0.001 0.054743 0.054749 0.054747 0.05477
0.01 0.172285 0.172473 0.172417 0.17350
0.05 0.377166 0.379075 0.378489 0.38730
0.1 0.519583 0.524331 0.522813 0.54772
0.2 0.697604 0.707702 0.704204 0.77460
0.3 0.811199 0.824504 0.819545 -
0.4 0.888707 0.902445 0.896992 -
0.5 0.941298 0.952885 0.948054 -
0.6 0.974750 0.982379 0.979104 -
0.7 0.992822 0.996093 0.994698 -
0.8 0.999292 0.999774 0.999588 -
0.9 0.999999 0.999999 0.999999 -
1 1 0.999999 0.999999 -
solvent function Rˆ(τ, τ ′) approach (see Silant’ev et
al. 2015). This matrix is connected with two aux-
iliary matrices, depending on one variable - R(τ, 0)
and R(0, τ ′). The Laplace transform of the ma-
trix R(τ, 0) with the parameter 1/µ is the matrix
Hˆ(µ) function, which obeys the nonlinear matrix
equation similar to known system of equations for
Chandrasekhar’s scalar H- functions. This matrix
obeys also the linear integral equation with singu-
lar kernel. This linear equation was derived in al-
gebraic manner from the of nonlinear equation for
Table 2: The characteristic number k for η = 5 and
b1 = 1, 0.4, 0.7 corresponding to spherical, needle
like and plate like particles, respectively
ε b1 = 1. b1 = 0.4 b1 = 0.7 kappr
0 0 0 0 0
0.001 0.022359 0.022359 0.022359 0.02236
0.01 0.070648 0.070652 0.070650 0.07071
0.05 0.157413 0.157458 0.157438 0.15811
0.1 0.221632 0.221750 0.221697 0.22361
0.2 0.310678 0.310969 0.310836 0.31623
0.3 0.377166 0.377625 0.377412 0.38730
0.4 0.431710 0.432302 0.432024 -
0.5 0.478465 0.479138 0.478818 -
0.6 0.519582 0.520273 0.519941 -
0.7 0.549302 0.556990 0.556682 -
0.8 0.589629 0.590134 0.589887 -
0.9 0.620005 0.620297 0.620152 -
1 0.647915 0.647915 0.647915 -
matrix Hˆ(µ) . Our calculations demonstrate that
even small number of dust grains in an atmosphere
changes significantly the polarization of outgoing
radiation as compared with known Chandrasekhar’s
value of polarization for free electron atmosphere.
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Table 3: The angular distribution J(µ) and degree of
polarization p(µ) = −Q(µ)/I(µ) in % for ε = 0 and
η = 0 for different forms of particles (b1 = 1, 0.4, 0.7).
Here all the characteristic numbers k are equal to zero.
µ J1 p1 J0.4 p0.4 J0.7 p0.7
0 1 11.713 1 3.80 1 7.26
0.01 1.036 10.878 1.035 3.44 1.036 6.66
0.02 1.066 10.295 1.064 3.20 1.065 6.25
0.03 1.094 9.805 1.091 3.02 1.093 5.91
0.04 1.120 9.374 1.116 2.85 1.118 5.61
0.05 1.146 8.986 1.140 2.71 1.143 5.35
0.06 1.170 8.631 1.164 2.57 1.167 5.11
0.07 1.194 8.304 1.187 2.46 1.191 4.89
0.08 1.218 8.000 1.210 2.35 1.214 4.69
0.09 1.241 7.716 1.232 2.25 1.237 4.51
0.10 1.264 7.449 1.254 2.16 1.259 4.34
0.15 1.375 6.312 1.371 1.74 1.378 4.55
0.20 1.483 5.410 1.472 1.46 1.482 3.01
0.25 1.587 4.667 1.571 1.24 1.584 2.57
0.30 1.690 4.041 1.669 1.06 1.683 2.20
0.35 1.791 3.502 1.765 0.90 1.782 1.89
0.40 1.892 3.033 1.860 0.77 1.879 1.63
0.45 1.991 2.619 1.954 0.66 1.975 1.40
0.50 2.091 2.252 2.048 0.56 2.071 1.19
0.55 2.189 1.923 2.141 0.48 2.167 1.01
0.60 2.287 1.627 2.234 0.40 2.262 0.85
0.65 2.385 1.358 2.326 0.33 2.356 0.71
0.70 2.483 1.113 2.418 0.27 2.450 0.57
0.75 2.580 0.888 2.510 0.21 2.544 0.46
0.80 2.677 0.682 2.601 0.16 2.638 0.35
0.85 2.774 0.492 2.692 0.11 2.731 0.25
0.90 2.870 0.316 2.774 0.08 2.815 0.16
0.91 2.890 0.282 2.793 0.07 2.834 0.15
0.92 2.909 0.249 2.811 0.06 2.853 0.13
0.93 2.928 0.216 2.829 0.05 2.871 0.11
0.94 2.947 0.184 2.847 0.04 2.890 0.10
0.95 2.967 0.152 2.865 0.04 2.909 0.08
0.96 2.986 0.121 2.883 0.03 2.927 0.06
0.97 3.005 0.090 2.902 0.02 2.946 0.05
0.98 3.015 0.060 2.920 0.01 2.964 0.03
0.99 3.044 0.030 2.938 0.01 2.983 0.02
1 3.063 0 2.956 0 3.002 0
The authors are very grateful to Dr. H. Frisch
for a number of useful remarks, especially for new
factorization (9).
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